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Abstract
This paper studies the iterated commutators on mixed norm spaces L2(φ) characterizing the conjugate
holomorphic symbols for which the corresponding iterated commutators are bounded by using the Bergman
geometry, properties of holomorphic functions and related analysis.
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1. Introduction
Let dV be the Lebesgue measure on the unit ball B of Cm normalized so that V (B) = 1, and
dσ be the normalized rotation invariant measure on the boundary ∂B of B so that σ(∂B) = 1.
The class of all holomorphic functions on B is denoted by H(B) and H∞(B) denotes the class
as all bounded holomorphic functions on B . Let φ be a positive continuous function on [0,1).
φ is called a normal function if there are two constants a and b: 0 < a < b such that
φ(t)
(1 − t2)a decreases for t0  t < 1 and limt→1−
φ(t)
(1 − t2)a = 0,
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(1 − t2)b increases for t0  t < 1 and limt→1−
φ(t)
(1 − t2)b = ∞.
Throughout this paper, we always suppose that {φ,ψ} is a normal pair, that is ψ(t) = (1−t2)α
φ(t)
for
some α > b. We will also need the following measure
dVφ(z) = φ
2(|z|)
1 − |z|2 dV (z), z ∈ B.
Let L2(φ) denote the space of all locally L2 integrable functions f on B such that
‖f ‖φ =
{∫
B
∣∣f (z)∣∣2 dVφ(z)
}1/2
< ∞.
Let A2(φ) = L2(φ) ∩ H(B). Suppose w ∈ B , α is the constant mentioned in the above, and
kα,mw (z) =
1
(1 − wz)α+m , ∀z ∈ B.
Then the linear operator P is defined as follows:
(Pf )(w) = cm,α
∫
B
f (z)k
α,m
w (z)
(
1 − |z|2)α−1 dV (z), f ∈ L2(φ) ∩ L2(ψ),
where cm,α = (m+α)(α)(m+1) .
We note that [1] the operator P is bounded from both L2(φ) onto A2(φ) and L2(ψ) onto
A2(ψ) = L2(ψ) ∩ H(B). Moreover (Pf )(w) = f (w) for f ∈ A2(φ) ∩ A2(ψ). Given a mea-
surable function b on B , the multiplication operator Mb is defined by Mb(f ) = bf . X.J. Zhang,
J.B. Xiao, and Z.J. Hu in [2] characterized the multiplication operator Mb between the mixed
spaces. The commutator (first order) with symbol b is the operator defined by Cb = [Mb,P ] =
MbP − PMb , the Hankel operator Hb with symbol b is given by
Hb(f ) = (I − P)(bf ), f ∈ A2(φ),
we have Cb = Hb on A2(φ). And therefore, the study of the first order commutators is parallel
to that of the Hankel operators. We refer the reader to [3–5] for results along this line. Let bj
be a measurable function, j = 1,2, . . . , n, if b = (b1, b2, . . . , bn), define the nth order iterated
commutator with symbol b by
Cb =
[
Mbn, . . . ,
[
Mb2, [Mb1 ,P ]
]
. . .
]
.
Unlike the commutators, the iterated commutators are no longer depending linearly on their
symbols. Therefore most of the techniques used successfully in studying the first order commu-
tators fail to work effectively for the nth order iterated commutators.
A straightforward computation shows that the explicit formula for Cb is
Cb(f )(w) = cm,α
∫
B
n∏
j=1
(
bj (w) − bj (z)
)
k
α,m
w (z)
(
1 − |z|2)α−1f (z) dV (z), (1)
∀f ∈ L∞. Because L∞ is dense in L2(φ), we take (1) as the definition of the iterated commuta-
tor Cb on L2(φ), if bj ∈ H(D), j = 1,2, . . . , n, we have the following identity
Cb
(
kα,mz
)
(w) =
n∏(
bj (w) − bj (z)
)
kα,mz (w), (2)j=1
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Cnh(f )(w) = cm,α
∫
B
(
h(w) − h(z))nkα,mw (z)(1 − |z|2)α−1f (z) dV (z), (3)
Cn
h
(
kα,mz
)
(w) = (h(w) − h(z))nkα,mz (w). (4)
The main result of this paper is Theorem 9 stated below as Theorem.
Theorem. Suppose h ∈ H(B). Then, Cn
h
is bounded on L2(φ) if and only if h ∈ B.
Corollary. Suppose h ∈ H(B). Then Cn
h
is bounded on L2(dVλ) if and only if h ∈ B, where
dVλ(z) = Cλ(1 − |z|2)λ dV (z), λ > −1.
Proof. In Theorem, take φ(t) = C1/2λ (1 − t2)(λ+1)/2, we have
dVφ(z) = φ
2(|z|)
1 − |z|2 dV (z) = Cλ
(
1 − |z|2)λ dV (z) = dVλ(z).
It is easy to see that the corollary holds. 
Thus the Theorem is a generalization of Theorem 3.3 in [6]. In particular, the Theorem par-
tially answers a question posed at the end of [6], L2(φ) is more general than L2(dVλ). We still
do not know how to characterize the antiholomorphic symbols b = (b1, b2, . . . , bn) such that the
iterated commutator Cb is bounded.
We will use the symbol C denote a positive constant which does not depend on variables z, w
and may depend on some parameters, not necessarily the same at each occurrence.
2. Preliminaries
We begin with the following quantity which was introduced by R.M. Timoney [7] in order to
give a definition of the Bloch semi-norm that is invariant under biholomorphic mappings.
Qf (z) = sup
{ |∑mk=1 wk ∂f∂zk (z)|√〈B(z)w,w〉 : w ∈ Cm, w = 0
}
.
Here
B(z) = 1
m + 1
(
∂2
∂zi∂zj
logK(z, z)
)
m×m
is the Bergman matrix at z and
K(z,w) = 1
(1 − 〈z,w〉)m+1
is the Bergman kernel of B . The Bloch space B (introduced by R.M. Timoney, [7]) is the set of
holomorphic functions f on B for which
‖f ‖B = sup
{
Qf (z): z ∈ B
}
< ∞.
R.M. Timoney has proved that the norms ‖f ‖1 = sup{(1 − |z|2)|∇f (z)|: z ∈ B} and ‖f ‖B are
equivalent, where ∇f (z) = ( ∂f (z), ∂f (z), . . . , ∂f (z)) is the complex gradient of f .∂z1 ∂z2 ∂zn
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where β(z,w) is Bergman metric on B , which is Möbius invariant.
We recall the Forelli–Rudin estimate.
Lemma 2. [8] Suppose z ∈ B , c is real, t > −1 and
Ic,t (z) =
∫
B
(1 − |w|2)t
|1 − zw|m+1+t+c dV (w).
Then as |z| → 1− we have
Ic,t (z) ∼ 1
(1 − |z|2)c
for c > 0, and
Ic,t (z) ∼ log 11 − |z|2
for c = 0, and
Ic,t (z) ∼ 1
for c < 0.
Lemma 3. [9] Suppose λ ∈ B , p ∈ (0,∞), and r ∈ (0,1). Then there exist constants Ci (i = 1,2)
depending only on a, b, p, r and m such that
C1
(
1 − |λ|2)mφp(|λ|) V pφ (D(λ, r)) C2(1 − |λ|2)mφp(|λ|),
where D(λ, r) = {z ∈ B: |ρλ(z)| < r} is the pseudohyperbolic ball with center λ and radius r ,
ρλ denotes the involutive automorphism of B satisfying ρλ(0) = λ, ρλ(λ) = 0.
If τ ∈ D(λ, r), then [2]
1 − |τ | ∼ 1 − |λ|, 1 − |τ |2 ∼ 1 − |λ|2, |1 − τλ| ∼ 1 − |λ|2,
thus, by the definition of normal function, we have φ(|τ |) ∼ φ(|λ|), and
(1 − |λ|2)m+1
|1 − τλ|2m+2 dV (τ)
C
V
p
φ (D(λ, r))
φp(|τ |)
1 − |τ |2 dV (τ). (5)
The following results give a new characterization of Bloch space B.
Lemma 4. Let h ∈ H(B), 1 < p < ∞. Then h ∈ B if and only if
sup
λ∈B
{∫
B
∣∣(h ◦ ρλ)(z) − h(λ)∣∣p φ
p(|z|)
1 − |z|2 dV (z)
}1/p
< ∞.
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Since the following explicit formula for the Bergman distance:
β(0, z) =
(
m + 1
8
)1/2
log
1 + |z|
1 − |z| ,
the Möbius invariance property of the Bloch space implies
‖h‖B =
∥∥(h ◦ ρλ)(z) − h(λ)∥∥B,
so ∣∣(h ◦ ρλ)(z) − h(λ)∣∣ C‖h‖B log 11 − |z| ,
this gives∫
B
∣∣(h ◦ ρλ)(z) − h(λ)∣∣p φ
p(|z|)
1 − |z|2 dV (z)
C‖h‖pB
∫
B
(
log
1
1 − |z|
)p
φp(|z|)
1 − |z|2 dV (z)
C‖h‖pB
1∫
0
(
log
1
1 − r
)p(
1 − r2)ap−1r2m−1 dr
C‖h‖pB.
On the other hand, writing V pφ (D(λ, r)) =
∫
D(λ,r)
φp(|w|)
1−|w|2 dV (w), and
hˆD(λ,r) = 1
V
p
φ (D(λ, r))
∫
D(λ,r)
h(w)
φp(|w|)
1 − |w|2 dV (w),
we obtain∣∣h(λ) − hˆD(λ,r)∣∣
 1
V
p
φ (D(λ, r))
∫
D(λ,r)
∣∣h(w) − h(λ)∣∣ φp(|w|)
1 − |w|2 dV (w)

(
1
V
p
φ (D(λ, r))
∫
D(λ,r)
∣∣h(w) − h(λ)∣∣p φp(|w|)
1 − |w|2 dV (w)
)1/p
.
By the triangle inequality for the Lp integral,(
1
V
p
φ (D(λ, r))
∫
D(λ,r)
∣∣h(z) − hˆD(λ,r)∣∣p φ
p(|z|)
1 − |z|2 dV (z)
)1/p
 2
(
1
V
p
φ (D(λ, r))
∫ ∣∣h(z) − h(λ)∣∣p φp(|z|)
1 − |z|2 dV (z)
)1/p
. (6)D(λ,r)
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1 − ∣∣ρλ(w)∣∣2 = (1 − |λ|
2)(1 − |w|2)
|1 − wλ|2
and
dV
(
ρλ(w)
)= (1 − |λ|2)m+1|1 − wλ|2m+2 dV (w).
By the monotonicity of φ and Lemma 3, we get that
1
V
p
φ (D(λ, r))
∫
D(λ,r)
∣∣h(z) − h(λ)∣∣p φp(|z|)
1 − |z|2 dV (z)
 C
V
p
φ (D(λ, r))
∫
D(λ,r)
∣∣h(z) − h(λ)∣∣p φp(|λ|)
1 − |z|2 dV (z)
= Cφ
p(|λ|)
V
p
φ (D(λ, r))
∫
D(0,r)
∣∣(h ◦ ρλ)(w) − h(λ)∣∣p 11 − |ρλ(w)|2
(1 − |λ|2)m+1
|1 − wλ|2m+2 dV (w)
= C(1 − |λ|
2)mφp(|λ|)
V
p
φ (D(λ, r))
∫
D(0,r)
∣∣(h ◦ ρλ)(w) − h(λ)∣∣p 1
(1 − |w|2)|1 − wλ|2m dV (w)
 C
∫
D(0,r)
∣∣(h ◦ ρλ)(w) − h(λ)∣∣p φ
p(|w|)
1 − |w|2 dV (w)
 C
∫
B
∣∣(h ◦ ρλ)(w) − h(λ)∣∣p φ
p(|w|)
1 − |w|2 dV (w). (7)
From (6) and (7), we further have
1
V
p
φ (D(λ, r))
∫
D(λ,r)
∣∣h(z) − hˆD(λ,r)∣∣p φ
p(|z|)
1 − |z|2 dV (z)
 C
∫
B
∣∣(h ◦ ρλ)(w) − h(λ)∣∣p φ
p(|w|)
1 − |w|2 dV (w). (8)
Since ∀a ∈ B ,
∣∣f (a)∣∣p  C
(1 − |a|)m+1
∫
B
∣∣f (z)∣∣p dV (z).
Let fr(z) = f (rz) for r ∈ (0,1), then ∀ζ ∈ ∂B ,∣∣f (rζ )∣∣p  C
∫
D(0,r)
∣∣f (z)∣∣p dV (z).
By the Taylor expansion of f ∈ H(B), we have∫
f (rζ )ζ¯ α dσ (ζ ) = (D
αf )(0)
α! ωαr
|α|,
∂B
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∫
∂B
|ζ α|2 dσ(ζ ) = (m−1)α!
(m+|α|−1)! . Taking α = (0, . . . ,1, . . . ,0), the kth coordinate is 1,
and the rest are 0,∣∣∣∣ ∂f∂zk (0)
∣∣∣∣
p
 C sup
ζ∈∂B
∣∣f (rζ )∣∣p  C
∫
D(0,r)
∣∣f (z)∣∣p dV (z) (k = 1, . . . ,m).
By the elementary inequality, when a > 0, b > 0,
(a + b)p 
{
ap + bp, 0 < p < 1,
2p−1(ap + bp), p  1,
we have
∣∣∇f (0)∣∣p C
∫
D(0,r)
∣∣f (z)∣∣p dV (z).
Let F = h ◦ ρλ − hˆD(λ,r), then (1 − |λ|2)|∇h(λ)|  |∇F(0)|. Replace f by F in the above
inequality, and change the variable w by τ = ρλ(w), we obtain((
1 − |λ|2)∣∣∇h(λ)∣∣)p  ∣∣∇F(0)∣∣p
 C
∫
D(0,r)
∣∣h ◦ ρλ(w) − hˆD(λ,r)∣∣p dV (w)
 C
∫
D(λ,r)
∣∣h(τ) − hˆD(λ,r)∣∣p (1 − |λ|
2)m+1
|1 − τλ|2m+2 dV (τ)
 C
V
p
φ (D(λ, r))
∫
D(λ,r)
∣∣h(τ) − hˆD(λ,r)∣∣p φ
p(|τ |)
1 − |τ |2 dV (τ)
 C
∫
B
∣∣(h ◦ ρλ)(w) − h(λ)∣∣p φ
p(|w|)
1 − |w|2 dV (w).
The above inequalities come from (8). This implies supλ∈B{(1 − |λ|2)|∇h(λ)|} < ∞, that is
h ∈ B. 
Lemma 5. [9] Let w ∈ B and kα,mw be the weighted Bergman reproducing kernel. Then there
exist Cj > 0 (j = 1,2,3,4) such that
C1 
(
1 − |w|2)m2 ψ(|w|)∥∥kα,mw ∥∥φ C2,
C3 
(
1 − |w|2)m2 φ(|w|)∥∥kα,mw ∥∥ψ  C4.
Lemma 6. Suppose 2b − 2α < 2β < 4a − 2b − α − m + 1. Then
I =
∫
B
β(z,w)n
∣∣kα,mw (z)∣∣(1 − |z|2)2β dVψ(z)
 C
(
1 − |w|2)2β−αψ2(|w|), w ∈ B.
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α − b) − 1 + η > −1, c = 2β + α − 4a + 2b − η + m − 1 < 0. By explicit formula for the
Bergman metric β we can find a constant C > 0 satisfying
β(0, u)n  C
(
1 − |u|2)η, u ∈ B.
Since φ(t)/(1 − t2)a decreases and φ(t)/(1 − t2)b increases, we have
C1
(1 − |u|2)2bφ2(|w|)
|1 − uw|4a  φ
2(∣∣ρw(u)∣∣) C2 (1 − |u|
2)2aφ2(|w|)
|1 − uw|4b .
In the following integral, let z = ρw(u), using the identity
(1 − uw)(1 − ρw(u)w)= 1 − |w|2,
we find
I =
∫
B
β(z,w)n
∣∣kα,mw (z)∣∣ (1 − |z|
2)2(β+α)−1
φ2(|z|) dV (z)
=
∫
B
β(0, u)n
∣∣∣∣ 1 − uw1 − |w|2
∣∣∣∣
α+m(
(1 − |w|2)(1 − |u|2)
|1 − uw|2
)2(β+α)−1
× (1 − |w|
2)m+1
φ2(|ρw(u)|)|1 − uw|2m+2 dV (u)
= (1 − |w|2)α+2β
∫
B
β(0, u)n
(1 − |u|2)2(β+α)−1
|1 − uw|4(β+α)−2−α−m+2m+2φ2(|ρw(u)|) dV (u)
 C
(
1 − |w|2)α+2β 1
φ2(|w|)
∫
B
(1 − |u|2)2(β+α)−2b−η−1
|1 − uw|4β+3α+m−4a dV (u)
 C
(
1 − |w|2)2β−αψ2(|w|), w ∈ B.
The last inequality is true because of Lemma 2 for t = 2(β + α − b) − 1 + η, c = 2β + α −
4a + 2b − η + m − 1, 2 + t + c = 4β + 3α + m − 4a. 
Lemma 7. Suppose −α < 2β < 1 − m, then
J =
∫
B
β(z,w)n
∣∣kα,mw (z)∣∣(1 − |w|2)α+2β−1 dV (w)
 C
(
1 − |z|2)2β.
Proof. Since −α < 2β < 1−m, we can choose η < 0 such that α + 2β − 1+η > −1, 2β −η+
m − 1 < 0, and so we can find a constant C satisfying
β(0, u)n  C
(
1 − |u|2)η, u ∈ B,
let w = ρz(u), we have
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∫
B
β(0, u)n
∣∣∣∣ 1 − zu1 − |z|2
∣∣∣∣
α+m(
(1 − |z|2)(1 − |u|2)
|1 − zu|2
)α+2β−1
(1 − |z|2)m+1
|1 − zu|2m+2 dV (u)
= (1 − |z|2)2β
∫
B
β(0, u)n
(1 − |u|2)α+2β−1
|1 − zu|α+4β+m dV (u)
 C
(
1 − |z|2)2β
∫
B
(1 − |u|2)α+2β+η−1
|1 − zu|α+4β+m dV (u).
In Lemma 2, take t = α + 2β + η − 1, c = 2β − η + m − 1, 2 + t + c = α + 4β + m, hence
J  C(1 − |z|2)2β . 
Lemma 8.
∥∥Cn
h
kα,mz
∥∥2
φ
 C
∥∥kα,mz ∥∥2φ
∫
B
∣∣(h ◦ ρz)(u) − h(z)∣∣2n(1 − |u|2)η−1 dV (u),
where η = 2(α + b + 1) − 1 > 0.
Proof. By Lemma 5 and the change-of-variable formula, we obtain
∥∥Cn
h
kα,mz
∥∥2
φ
=
∫
B
∣∣Cn
h
kα,mz (w)
∣∣2 dVφ(w)
=
∫
B
∣∣h(z) − h(w)∣∣2n∣∣kα,mz (w)∣∣2 φ
2(|w|)
1 − |w|2 dV (w)
=
∫
B
∣∣(h ◦ ρz)(u) − h(z)∣∣2n φ
2(|ρz(u)|)(1 − |z|2)m+1
|1 − zρz(u)|2α+2m(1 − |ρz(u)|2)|1 − zu|2m+2
dV (u)
=
∫
B
∣∣(h ◦ ρz)(u) − h(z)∣∣2n (1 − zu)
2α+2m|1 − zu|2(1 − |z|2)m+1φ2(|ρz(u)|)
(1 − |z|2)2α+2m(1 − |z|2)(1 − |u|2)|1 − zu|2m+2 dV (u)
=
∫
B
∣∣(h ◦ ρz)(u) − h(z)∣∣2n(1 − |z|2)−2α−m φ
2(|ρz(u)|)
(1 − |u|2)|1 − zu|−2α dV (u)
C
(
1 − |z|2)−2α−mφ2(|z|)
∫
B
∣∣(h ◦ ρz)(u) − h(z)∣∣2n (1 − |u|
2)−1(1 − |u|2)2b
|1 − zu|−2α|1 − zu|4a dV (u)
C
∥∥kα,mz ∥∥2φ
∫
B
∣∣(h ◦ ρz)(u) − h(z)∣∣2n(1 − |u|2)2(α+b) dV (u)
= C∥∥kα,mz ∥∥2φ
∫
B
∣∣(h ◦ ρz)(u) − h(z)∣∣2n(1 − |u|2)η−1 dV (u). 
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Before we prove our result, recall the following definition, for some α > b, let ψ(t) = (1−t2)α
φ(t)
,
then {φ,ψ} is called a normal pair. We can now prove the main result of this paper.
Theorem 9. Suppose h ∈ H(B). Then Cn
h
is bounded on L2(φ) if and only if h ∈ B.
Proof. Given m ∈ N , we can choose positive real numbers a and b, a < b such that
m < 4a − 2b + 1,
then take α: α > max{2b,m − 1}. We first show that h ∈ B assuming that Cn
h
is bounded
on L2(φ). If Cn
h
is bounded on L2(φ), then by Lemma 8, we obtain
∥∥Cn
h
∥∥
φ

‖Cn
h
k
α,m
z ‖φ
‖kα,mz ‖φ  C
{∫
B
∣∣(h ◦ ρz)(u) − h(z)∣∣2n(1 − |u|2)η−1 dV (u)
}1/2
,
where η = 2(α + b + 1) − 1. Using Lemma 4, we have h ∈ B.
We now finish the proof by assuming that h is in the Bloch space and proving that Cn
h
is
bounded on L2(φ). Let h ∈ B, take
β: −α < 2β < 4a − 2b − α − m + 1,
then the conditions of Lemmas 6 and 7 hold. By Hölder’s inequality, Lemmas 1 and 6, we have
∣∣Cn
h
f (w)
∣∣2
 C
(∫
B
β(z,w)n
∣∣kα,mw (z)∣∣(1 − |z|2)α−1∣∣f (z)∣∣dV (z)
)2
= C
(∫
B
β(z,w)n
∣∣kα,mw (z)∣∣φ(|z|)ψ(|z|)|f (z)|1 − |z|2 dV (z)
)2
 C
∫
B
β(z,w)n
∣∣kα,mw (z)∣∣∣∣f (z)∣∣2(1 − |z|2)−2β dVφ(z)
×
∫
B
β(z,w)n
∣∣kα,mw (z)∣∣(1 − |z|2)2β dVψ(z)
 C
∫
B
β(z,w)n
∣∣kα,mw (z)∣∣∣∣f (z)∣∣2(1 − |z|2)−2β(1 − |w|2)2β−αψ2(|w|)dVφ(z).
Hence from Fubini’s theorem and Lemma 7, it follows that
∥∥Cn
h
f
∥∥2
φ
=
∫
B
∣∣Cn
h
f (w)
∣∣2 dVφ(w)
 C
∫
B
(∫
B
β(z,w)n
∣∣kα,mw (z)∣∣(1 − |w|2)2β−αψ2(|w|)dVφ(w)
)
× ∣∣f (z)∣∣2(1 − |z|2)−2β dVφ(z)
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∫
B
(∫
B
β(z,w)n
∣∣kα,mw (z)∣∣(1 − |w|2)2β+α−1 dV (w)
)
× ∣∣f (z)∣∣2(1 − |z|2)−2β dVφ(z)
 C
∫
B
(
1 − |z|2)2β ∣∣f (z)∣∣2(1 − |z|2)−2β dVφ(z) = C‖f ‖2φ,
so ∥∥Cn
h
∥∥
φ
 C,
and the proof is complete. 
Remark. When β  0, Fan–Wu’s sufficient condition (Lemma 3.1 in [6]) for a general measur-
able symbol b = (b1, b2,. . . , bn) is again valid with dμα replaced by dVφ . In fact, the proof of
the ‘if’ part of Theorem 9 of the paper under review again applies to this general case.
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